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A model based on the concept of fractional calculus is proposed to predict the viscoelastic behaviour of
amorphous polymers in the temperature range figm 190°C to T, + 25°C. Poly methyl methacrylate (PMMA)

has been chosen as a model amorphous polymer. PMMA has been studied by dynamic mechanical spectrometry
and the experimental data have been compared with the fractional calculus model proposed. An agreement
between experiments and model has been achieved. PMMA is characterised by an unstable non-equilibrium state,
at least between the main secondary relaxai@md the main relaxatiora. All molecular mobility phenomena

are affected by this structural recovery that itself exists because of molecular mobility. One of the objectives of
this work is to give some ideas of this important phenomenon and quantify its influence on the parameters of the
viscoelastic model propose@. 1998 Elsevier Science Ltd. All rights reserved.

(Keywords: fractional calculus; poly(methyl methacrylate); physical ageing)

INTRODUCTION idea: the constitutive equation associated with the response

The simplest way to characterise the mechanical propertiesmc a perfect elastic material is the well known Hook’s law:

of a polymer is to measure its elastic modulus as a function o(t) = r°EDPe(t) = Es(t) )
of temperature. But, since polymers are viscoelastic t
materials, their modulus depends on time and method of
measurement. Itis possible to find models in the literature to — NN

describe mechanical properties of amorphous polymers butyhere:

most of them do not take into account the time parameter. In

the same way, viscoelastic behaviour is often modelled by —~~—

describing the solid as some combination of idealised elasticiS a spring element(t) is the applied stresg is the elastic

and viscous components such as a Hookean spring and g,,,jus D%(t) is the differentiation of zero order of the
Newtonian dashpot. Among these compound models, thestrain with respect to time.

ainmfglr?j;ae:ﬁ t?hoessee %Ohggéwgg CKﬁ;\g&\é?ig daBd Ozr(:'lnec';'ne The con;titutive equa_tion associated with the response of
elaation tirzé* Yy only ON€4 perfect viscous material is the well-known Newton’s law:
By introducing fractional calculus tools in rheological A de(t)
models, it is possible to account for the distribution of o(t)=7"EDte(t) =1 @t 2)
relaxation times associated with amorphous polymer
response. This approach has been used successfully over —
the past few years in the case of molten polyrfiéts ) 1 )
We shall extend this approach to viscoelastic behaviour where_—: is a dashpot element, = »/E is the
modelling of glassy amorphous polymers in the temperature relaxation time of the dashpot elemeB{,z(t) is the differ-
range fromT, — 190C to T, + 25°C. These kinds of ~ entiation of first order of the strain with respect to time and

polymers are affected by the structural recovery phenom- is the viscosity.

enon or physical ageing (at least between afigut 90°C Now in the same way, if we have a viscoelastic material,
andT,"), which has an influence on viscoelastic properties tS response can be represented by the following constitutive
such as deformation aptitude, dynamic moduluetc. equatior:

In this paper, we try to quantify the effect of the structural o(t) = 7*ED%(t) ©)

recovery phenomenon on the viscoelastic behaviour of
amorphous polymers and particularly on the parameters of
our fractional calculus model.

Fractional calculus model where——<_>——is a springpot elemem{«(t) is
. . . . i €
This fractional calculus model is based on the following the fractional derivative o& order of the strain with respect
to time with evidently 0= o« = 1.
*To whom correspondence should be addressed According to the definition of the fractional derivative of
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« order, equation (3) can be rewrittent&s Fractional Zener model (FZM)

. In viscoelasticity, the Zener model, is often used as a
o« 1 d —a first approximation for the study of the viscoelastic solids.
o(t) =Er T'(l—a) dt Jo(t —Y) Tely) dy ) If the dashpot is replaced by a springp&idure 3) then
(1-a) dt ;
the Zener model becomes a fractional Zener mbdel

wherel'(a) is the Gamma function: (FZM). . . . ) )
The stress—strain relationship for this modéf:is
* _ + 7%Dt'o(t) = E.7"Di'e(t) + Epe(t) with 0= a <1
(o) = J (e~ "u*"Y) du, with a >0 5) o+ 7 Dio(t) =E.r"Dite(t) + Eos() “
0 (20)
o . . ) For a sinusoidal loading, we have:
The classical linear solid model or Zener model is obtained ) T
by adding a second spring in parallel with a Maxwell unit A+ K)(or)™ + (wn)*(2+K) Cos(a E) +1
(Figure ). _ _ = ) N 2 RVIRNSE:
For a sinusoidal loading where: [ + (w7) Cos(aiﬂ + [(wr) S|n<a§)]
e = soei“’t, o = ooe(iwt+6), o =FE'¢" (6) (11)
and
wherew is the angular frequency arief = E' + iE" is the k(wr)* sin(a f)
complex modulusE’ andE” the real and imaginary parts of E'=E, 2 (12)
the dynamic modulus are defined in Zener model by: {14_ (wr)* comg)r+ [(M)a sin(ag)]z
I G Eo)w?’r? @ wherek = (E., — E,)/Ey, E.. is the unrelaxed modulu&, is
=Eot 1+ w272 the relaxed modulusy is the angular frequency (rad/sec)
with w = 2#f, f is the frequency (Hz).
., (Ex—Epor The prediction of FZM (equation (11)) for the storage
E'= 1+ wr2 (8) modulusE' versusfrequency is plotted irFigure 4, for

several values af. The classical response for polymers can
This model does not represent real viscoelastic behaviourbe obtained by choosing the valuescobetween 0 and 1.
of amorphous polymers, for example, the Cole—Cole The respective Cole—Cole diagrams for the same values of
diagram for the Zener model is symmetricéliqure 2), o are shown in Figure 5 They are symmetrical
but the real viscoelastic response for amorphous polymersindependently of the value ef.
is asymmetricdf*2 which is due to the inequality of the To obtain the classical asymmetric response for the
viscoelastic behaviour response over a long time and a shortCole—Cole diagram in amorphous polymers we add a
time. second springpot to FZMF{gure 6), where D’¢, is the
fractional derivative of3 order of thee,, with 0 < 8 = 1,
Dt'es is the fractional derivative o& order of thees, with
0<a =1, e,,84 are the strains associated to the springs,

n E..-E £2,€3 are the strains associated to the springpots.
This model is characterised by three mechanisms. The
— first one, is associated with the viscoelastic behaviour at low
temperature or at high frequency, the second one represents
Eo the viscoelastic behaviour at high temperature or at low
p
frequency and the third one represents the elastic behaviour
Figure 1 The Zener solid model of the polymer.
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Figure 2 Cole—Cole diagram for the Zener solid model
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Figure 4 Storage modulus’, versusfrequency for the fractional Zener
model: ©) « = 0.25; @) « = 0.5, @) « =0.75; A) a =1

The dynamic moduluss* = E' + iE"), of this model can
be calculated by using the Laplace and Fourier transforms:

(BE. —Eg)(1+Ay)

B =Bt Ay +A2 (13)
Ay =8(wr) P cos(b%) +(wr) 2 coa(ag) (15)
Ay = 8(wr) " sin(bg) +(wr)"® sin(ag) (16)

b! (X:_a,B:—b

T=Tp="T1/S,0=S"
withO<a=b=1.

Figure 7 shows the prediction of real modulugrsus
frequency for a constant value ef parameter (0.3) and
different values of parameter (0.3; 0.5; 0.8; 1). This
prediction is consistent with the classical evolution of the
real modulus with frequency. We can point out that:

(1) at the lowest frequencies, the curves exhibit positive
slopes which depend g parameter. This means that
effectively theg springpot is mainly associated with the
viscoelastic behaviour at low frequency or high tem-
perature.

(2)
This means that tha parameter (constant in this case)
is associated with the viscoelastic behaviour at high
frequency or low temperature.

3)
a steep decrease ki is noticeable and the slope can be
changed by varying andg. This region corresponds to
the anelastic manifestation of the glass transition.

at the highest frequencies, the curves are superimposedB

between these two regions, and with decreasing frequency,
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Figure 5 Cole—Cole diagram for the fractional Zener modeb) (« =
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Figure 6 Fractional Zener model with two spring-pots

The Cole—Cole diagram for this model (equations (13)
and (14)) is shown ifrigure 8 We obtain on the one hand the
classical asymmetric diagrams and on the other hand the same
behaviour of thex andg parameters concerning the response
of the model at high or low frequency/temperature. The real
viscoelastic response of amorphous polymers can be predicted
by our model and the comparison between theory and
experimental data over a wide range of frequency can be
established by using dynamic mechanical measurements.

EXPERIMENTAL

Material

Samples of poly(methyl methacrylate) PMMA were
obtained from ELF, France who prepared and characterised
it. Its molecular weight is 3 10° (g/mol) and its
polydispersity index is 2.3.

Dynamic mechanical measurements

Dynamic mechanical measurements were performed by
using a DMTA MKIII (Rheometric Scientific) operating in
double cantilever bending mode.

This instrument provided the redt') and the imaginary
(E") parts of the dynamic modulu&X) as a function of the
temperature (under isochronal conditions) or of the
frequency (under isothermal conditions).

In this work, isothermal dynamic data were obtained at
intervals of 8C from 60 to 160C at different frequencies:
0.1; 1; 3; 5; 10 and 20 Hz.

Rectangular samples (356 X 2mm®) were used.
efore the DMTA run sample was dried for 1 h under
vacuum at 8€C, it was next kept for 1 h at 13Q (T4 +
20°C) always under vacuum in order to erase thermo-
mechanical history and any water effect.

RESULTS AND DISCUSSION

According to the frequency—temperature superimposition
principlet, the curves oE’ versusfrequency, in the glass
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Figure 7 Storage modulus’, versusfrequency for the fractional Zener model with two spring-pets: 0.3= cte; (A) 3=0.3; (®) 3=0.5; (0) 3=0.8;
mp=1
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Figure 8 The Cole—Cole diagram for the fractional Zener model with two spring-pots:0.3=cte; (A) 3 =0.3; @) 3=05; ()3 =08, @) =1
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Figure 9 PMMA storage modulusE’, versusfrequency over the 60—180 temperature range

transition region, can be reduced to a unique master curve atcurve horizontally on to the curve at the chosen reference
a reference temperature, provided it has the appropriatetemperatureTable J).

horizontal shift along the frequency scakégure 9 shows Reference temperature used for PMMA was 10973
some isothermal modulus curves measured at temperaturethe master plot obtained over a wide range frequency is
between 60 and 168C in the frequency range of 0.1 to given inFigure 10

20Hz. A master curve of dynamic modulus against From this experimental master curve, we can obtain the
logarithm of the frequency was generated by shifting each unrelaxed modulu<.., and the relaxed modulus, which
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will subsequently be used in equations (13) and (14).

70=200s andr, = 600 s are the rheological parameters
(Figure €6 and are constant for a given reference
temperature.

ConcerningE” values, Figure 12 displays the experi-
mental Cole—Cole diagram and the diagram obtained from
our model with the same values @fandg parameters (0.33
and 0.79, respectively). We observe very good agreement

Figure 11shows the good agreement between the model for temperatures higher than 113C5( = T), but a limit of

(e = 0.33 and3 = 0.79) and the master curve displayed in
Figure 1Q

4
3 MM °
o @®°
@o
- o°°
[}
g &
€21 G Tref=109.73°C
&= g9°
&
- o
Y
1 [e)
Oﬁé’
&
o O&
0 . ; .
-10 -5 0 jograi) 5 10

Figure 10 Master curve for the PMMA sample (obtained from Fig. 9)

Table 1 Shift factors required to obtain the experimental master curve
displayed inFigure 10

the model is observed below this temperature. This low
temperature experimental behaviour is associated with the
existence of secondary relaxation. In the case of PMMA
there is a relaxation at about €31’ and g relaxation at
about room temperatut®

The properties of PMMA and particularly viscoelastic
properties will be affected by these phenomena as well as by
the structural relaxation or physical ageing in this range of
temperature.

Several authors, have proposed models in order to
describe the viscoelastic behaviour of amorphous polymers
nearTg such models have been extensively described and
applied elsewhere to amorphous and semicrystalline poly-
merg?2°

By using the fractional calculus method, we attempted to
extend the modelling to the behaviour of PMMA not only
over a wide range of frequency but over a wide range of
temperature too and to take account of the physical ageing
phenomenon.

In this way, we will try firstly to characterise the effect of
physical ageing in the shape of a Cole—Cole diagram,
secondly to obtain experimentally the Cole—Cole diagram
of PMMA betweenT, — 190°C andTg + 25°C and finally to
propose an extended viscoelastic model.

Temperature°C) log(ar) In the following, we present experimental results
61.1 5.2 obtained by DMTA in isothermal aged samples.
65.16 5
70.13 45 Effect of physical ageing on viscoelastic properties of
75.17 4 PMMA
gg:gg 2‘5 PMMA ageing has been studied by DMTA in isochronal
89.96 25 scans at a frequency of 1 Hz and a heating rate’Gfrhin.
95 2 The storage modulug’, and damping factor, taf, have
99.93 15 been measured between 30 and°C30
1os e 5 The thermal cycle used to obtain a reference PMMA
114.73 _08 sample is the same as previously described.
119.77 -1.6 After the first DMTA run, of the reference sample until
124.9 -25 130°C, without removing the sample, it was cooled down to
15257 *2-; the ageing temperature @and kept at this temperature for
1396 53 a time of 20 h. Next, the sample was cooled to room
temperature in an ambient atmosphere and the second
4
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Figure 11 PMMA storage modulust’, (obtained from Fig. 10):@) experimental data;A) prediction of FZM (Eg. 13)
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Figure 12 Comparison between the experimental PMMA Cole—Cole diagram and the corresponding calculated model FZM (Equations (13)@pd (14): (
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Figure 13 Comparison in the complex plane between reference and aged samples for PMAfgrence samplel) aged sample

3000
150
~ _
E 2000 4 és
= 100
1000 R —
(o) r . T T T 50
-100 -50 0 50 100 150 200
T°C
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Figure 15 The Cole—Cole diagram for the PMMA reference sample at
1 Hz over a wide range of temperature (obtained from Fig. 14).
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Figure 16 Extended fractional solid (EFS) model

DMTA run was recorded under the same experimental
conditions. The Cole—Cole diagrams of reference and aged k=

samples are displayed Figure 13

manifestation of the PMMA glass transition, at around
120°C. These experimental DMTA spectra allowed us to
obtain the experimental Cole—Cole diagrams displayed in
Figure 15 and to propose the extended fractional solid
(EFS) model to describe the viscoelastic behaviour of
PMMA over a wide range of temperaturgigure 16. It is
composed of two fractional models which are combined in
parallel: the first one, characterised &yand3 parameters,
associated with the viscoelastic behaviour of amorphous
polymers around the glass transition region and the second
one, characterised by theparameter, associated with the
viscoelastic behaviour in the low temperature region.

The real and imaginary parts of the dynamic modulus
obtained by using our EFS model are:

(Eo1 —Eo1)(1+By)
(1+By)?+ B3

(L+R) (@79 + (wrs) 2+ K) cos(y 7))
[1 + (wr3)" COs(fy g)} 2 + {(wTs)V Sin(y %ﬂ 2

E// — (EOCl - EOl)BZ
(1+B;)?>+ B3

E'=Eo+

+ EOZ

K(ewr)" sin('yg)

E
e o [ rr s3]

where

B, =D(wr) COS<B g) + (wr) ™ cos(a g)
B,— — [D(m)—ﬁ sin(Bg) +(wr) " Sin(ag)]
-(2)

T2

_ Eon—Ep

2

with 0<y=a=g=1

We note that in the high temperature zone, the slopes of
the Cole—Cole diagrams are the same. This behaviour is Figure 17shows the Cole—Cole diagram predicted by our
consistent with the fact that physical ageing is not observed EFS model in three different cases:
in this zone, because amorphous polymers are considered i
thermodynamic equilibrium at temperatures well above the
glass transition temperatdfe The difference between
Cole—Cole diagrams begin after tf& maximum [, =
122°C) and they increase for lower temperatures.
Concerning the slopes in Cole—Cole diagrams, related in
our case to the fractional parameterandg (Figure 8 and
used in the literature (biparabolic mod€lyas molecular
mobility parameters, our results show clearly that not only
the existence of secondary relaxations but also structural
recovery, or physical ageing, must be take into account in
the lower temperature domain. Experimental extrapolation
in this case can be delicate. Physical ageing affects mainly the region between the
Before we propose the extended viscoelastic model atwo maxima so thex and+y parameters must be related to
sample of reference PMMA was characterised by DMTA structural recovery.
under isochronal conditions (1 Hz) between75°C (= T, In order to evaluate the ability of our EFS model to
—190°C) to 140C (= T4+ 25°C) and a heating rate of@/ predict the evolution of the dynamic complex modulus over
min(Figure 14. a wide temperature range we show the excellent agreement
Figure 14 shows two relaxation modes: a very broad between the prediction of the model (with= 0.32,3 =
secondary relaxation mode at around — 10°C and the 0.79 andy = 0.195) and the experimental data of the
primary relaxation modex, associated to the anelastic reference PMMA sample iRigure 18

r11) for a constant value af and+y parameters and different
values of3 parameter Kigure 173, the variation of3
parameter affects mainly the high temperature zone (tem-
peratures higher than the glass transition temperature).

(2) for a constant value ¢ andy parameters and different
values ofa parameterKigure 178, the neighbourhood
of the first maximum corresponding to the anelastic
manifestation of the glass transition is mainly affected.

(3) for a constant value af andg3 parameters and different
values ofy parameter Kigure 179, the second peak
associated with secondary relaxation is mainly affected.
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Figure 17 Predictions of the EFS model in the complex plane foro(a)
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Figure 19 (a) Loss modulusE’, versustemperature at 1 Hz for the
reference ©) and the agedl®) PMMA samples. (b) Loss factor, tah)
versustemperature at 1 Hz for the reference) (and the agedlf) PMMA

samples
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Figure 18 Comparison in the complex plane between the experimental
PMMA data at 1 Hz and the EFS modek ) experimental data) model

The « and y parameters describe the evolution of

the aged PMMA samplesQ) reference samplel) aged sample

(2) cooling the sample down to the ageing temperature
(90°C) and keeping the sample at this temperature for

20 h.

viscoelastic behaviour of amorphous polymers from the (3) cooling the sample te- 80°C in a nitrogen atmosphere

lower temperature to the glass transition temperature region
and they may be associated with the distribution of

rate of C/min at 1 Hz.

and recording the DMTA thermogram with a heating

relaxation timesH(r) which are directly related to the

molecular mobility(Tczf amorphous polyrr¥ers. Theand 8 DMTA spectra £ and tans versustemperature) of the

parameters can be evaluated from the thermal history of thereference :_;md aged sample are shoprlgure 13 the

polymer and they would be dependent on the temperatureCorreSpondIng CoIe—CoI_e diagrams are d|splaye‘<_igure 20

and the time of physical ageing. ~The agreement obtained between our fractional rheolo-

So, physical ageing has been characterised by usingg'cal and experlmental data ofthe aged sample was average
DMTA and the following thermal cycle: to go_od Flgure 27). We summarise iTable 2the effect of
physical ageing on our parameters.

(1) annealing the sample at a temperature well above the In the temperature region aboVg we observe that the
glass transitionTy 4 20°C) in order to erase the thermal  viscoelastic behaviour of the aged sample is unaffected by
history of the material. Annealing was carried out for physical ageing, so th@ parameter is not a function of

1hat 130C. ageing time.
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Figure 21 Comparison in the complex plane between the aged
experimental PMMA sample at 1 Hz and the EFS mod@) @ged
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equations for all viscoelastic functions.

The biparabolic model represents the viscoelastic beha-
viour of amorphous polymers between the transition and
rubber zones and it has a limit in the glassy zone because of
the secondary relaxation and the structural recovery of this
type of polymer.

The physical ageing phenomenon affects the viscoelastic
property of amorphous polymers in the glassy state between
the glassy transition zone and the secondary relaxation zone,
and only thea and y parameters are affected by this
phenomenon.
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Table 2 Effect of physical ageing on our model parameters

Parameters of EFS  Reference sample Aged sample

model

a 0.32 0.304

B 0.79 0.79

v 0.195 0.15 1

2.

On the contrary, as expected, the region conceraiagd
v parameters is in fact clearly correlated with physical

ageing. Thex parameter varies slightly but the value of the 4,

v parameter is strongly affected by this structural recovery

phenomenon. 5.

The objective of our study was to show the coherence of

; L ; 6.
the fractional derivative approach over a wide range of -
8

frequency and temperature (frdfig — 190C to T4 + 25°C).
We underline that this method allows one to calculate the
analytical theoretical equations of the real and imaginary

We are conscious that the model

meaningful and future studies should concentrate on their

molecular origin. 16.

Systematic studies of the physical ageing phenomenon
are in progress so as to have a relation between the model

parameters and the time and temperature of physical ageing’-

and the effect of this phenomenon on the time relaxation

spectrumH(7). 18.
19.
CONCLUSION 20.

The fractional calculus approach gives predictions of the ;.

entire viscoelastic behaviour of the amorphous polymers in

9.

parts of the dynamic modulus and it is possible to have ﬂ:

analytical access to the relaxation time speti(a). 12.
parameters are13.
phenomenological parameters, and they are not physically14-

version of the manuscript.
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